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Wang tiles for modeling and simulation of heterogeneous materials

This talk summarizes our extension of the classical Periodic Unit Cell-based representation of material
microstructure. Inspired by computer graphics, we adopt the formal concept of Wang tiles and
propose to store microstructural information within a set of domains with predefined mutual
compatibility instead of a single cell. Following simple assembly rules similar to those of jigsaw
puzzles, our extension allows for almost instant generation of arbitrarily large stochastic samples with
consistent spatial statistics.

We start with a brief introduction of the concept fundamentals and present methods suitable for
compressing microstructural information into a set of tiles. Next, using statistical sampling and bounds
provided by the Partition Theorem, we apply our approach in numerical homogenization to determine
the Representative Volume Element size related to the user-defined significance level and the
discrepancy between bounds on the apparent properties.

Finally, we present a reduced-order modeling strategy that exploits the repeating occurrence of
individual tiles in generated microstructures. We pre-compute the collective characteristic response
of the compressed microstructural representation to a macroscopic loading and extract a-priori
microstructure-informed modes for the fluctuation part of a macroscopic solution. These modes are
then inserted into a macroscopic numerical scheme utilizing a kinematical ansatz of the eXtended
Finite Element Method. Using an illustrative 2D elliptic problem, we demonstrate that our scheme
delivers less than a 3% error in both the relative L2 and energy norms already with only 0.01% of the
unknowns compared to the fully resolved problem, with further improvements, e.g., by local
refinement possible.
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